We evaluate the pion-nucleon intermediate-state contribution to the two-photon exchange (TPE) correction in the elastic electron-nucleon scattering within a dispersive framework. We calculate the contribution from all πN partial waves using the MAID parametrization. We provide the corresponding TPE correction to the unpolarized ep scattering cross section in the region of low momentum transfer Q 2 0.064 GeV 2 , where no analytical continuation into the unphysical region of the TPE scattering amplitudes is required. We compare our result in the forward angular region with an alternative TPE calculation, in terms of structure functions, and find a good agreement, indicating a small contribution at low Q 2 due to discontinuities beyond πN . We also compare our results with empirical fits.
that with increasing values of the momentum transfer Q 2 , the ratio G Ep /G M p shows an approximate linear decrease [3] [4] [5] [6] , in clear contradiction with the near-constant ratio obtained from unpolarized experiments; see Ref. [7] for a recent review. The first explanations of such behavior pointed towards hard two-photon exchange (TPE) processes between the electron and the proton, which become relevant once experiments aim to access terms which contribute at or below the percent level to the scattering cross section [8, 9] . Such observations have triggered new experiments specifically designed to measure the TPE effects, and have opened a whole field of theoretical calculations aimed to estimate TPE effects; see
Refs. [10, 11] for some reviews.
On the experimental side, there exist observables which provide us with very clear indications of the size of TPE effects, as they would be exactly zero in the absence of twoor multiphoton-exchange contributions. Such observables are normal single-spin asymmetries (SSA) of electron-nucleon scattering, where either the electron spin or the nucleon spin is polarized normal to the scattering plane. Because such SSAs are proportional to the imaginary part of a product of two amplitudes, they are zero for real (nonabsorptive)
processes such as OPE. At leading order in the fine-structure constant, α 1/137, they result from the product of the OPE amplitude and the imaginary part of the TPE amplitude. For the target normal SSA, they were predicted to be in the (sub) percent range some time ago [12] . Recently, a first measurement of the normal SSA for the elastic electron-3 He scattering has been performed by the JLab Hall A Collaboration, extracting a SSA for the elastic electron-neutron subprocess in the percent range [13] . For the experiments with polarized beams, the corresponding normal SSAs were predicted to be in the range of a few to hundred ppm for electron beam energies in the GeV range [14] [15] [16] . Although such asymmetries are small, the parity-violation programs at the major electron laboratories have reached precisions on asymmetries with longitudinal polarized electron beams well below the ppm level, and the next generations of such experiments are designed to reach precisions at the sub-ppb level [17] . The beam normal SSA, which is due to TPE and thus parity conserving, has been measured over the past fifteen years as a spinoff by the parity-violation experimental collaborations at MIT-BATES (SAMPLE Collaboration) [18] , at MAMI (A4 Collaboration) [19, 20] , and at JLab (G0 Collaboration [21, 22] , HAPPEX/PREX Collaboration [23] , and Qweak Collaboration [24, 25] ). The resulting beam normal SSA ranges from a few ppm in the forward angular range to around a hundred ppm in the backward angular range, in qualitative agreement with theoretical TPE expectations. While the nonzero normal SSAs in elastic electron-nucleon scattering quantify the imaginary parts of the TPE amplitudes, measurements of their real parts have also been performed by several dedicated experiments over the past few years. In particular, the deviation from unity of the elastic scattering cross-section ratio R 2γ ≡ e + p/e − p is proportional to the real part of the product of OPE and TPE amplitudes. Recent measurements of R 2γ , for Q 2 up to 2 GeV 2 , have been performed at VEPP-3 [26] , by the CLAS Collaboration at JLab [27, 28] , and by the OLYMPUS Collaboration at DESY [29] . These experiments show that R 2γ ranges, for the kinematical region corresponding with Q 2 = 0.5 − 1 GeV 2 and virtual photon polarization parameter ε = 0.8 − 0.9, from a value R 2γ ≈ 0.99 [29] , showing a deviation from unity within 2 − 3 σ (statistical and uncorrelated systematic errors), to a value R 2γ = 1.02 − 1.03
for Q 2 ≈ 1.5 GeV 2 and ε ≈ 0.45 [26, 28] . Furthermore, the GEp2gamma Collaboration at JLab has performed a pioneering measurement of the deviation from the OPE prediction in two double-polarization observables of the ep → e p process at Q 2 = 2.5 GeV 2 [30] , and has found a deviation from the OPE result in one of these observables (corresponding with longitudinal recoil proton polarization) at the 4σ level at ε = 0.8. In combination with R 2γ , measurements of the ε dependence of these two double-polarization observables in the ep → e p process at a fixed value of Q 2 allow us to experimentally fully disentangle the TPE amplitudes for massless electrons [31] .
A good quantitative understanding of TPE corrections to the lepton-proton amplitude also became of paramount importance in recent years in the interpretation of Lamb shift and hyperfine splitting measurements of muonic Hydrogen (µH) and muonic atoms. For the 2P 1/2 − 2S 1/2 µH Lamb shift (LS), a very accurate measurement has been obtained [32, 33] :
The theoretical calculation of this transition for the µH system displays a very strong sensitivity to the radius of the proton charge distribution r E as [34] ∆E th LS (µH) = 206.0336(15) − 5.2275(10)r
with E in meV and r E in fm. The first (dominant) term is due to the well-known (mainly) QED contributions, while the second contains the dependence on r 2 E which one likes to extract. While the muonic system has a very strong sensitivity to the proton charge distribution due to a third-power dependence in the lepton mass, it simultaneously also displays a strong sensitivity to the next-order (in α) hadronic corrections, denoted by ∆E TPE in Eq. (2).
This term corresponds with the TPE process between the muon and the proton at Q 2 ≈ 0, which is also known as a polarizability correction. Dispersive estimates, connecting this quantity to forward proton structure functions, have yielded ∆E TPE (µH) = 0.0332 (20) meV [34] [35] [36] . One thus notices that although the size of the TPE correction is only around 1.6 × 10 −4 of the total 2P − 2S LS for µH, its uncertainty is of the same size as the experimental uncertainty on ∆E LS and is at present the main theoretical uncertainty when converting ∆E LS to a value for the proton radius r E . This situation is even enhanced when considering muonic deuterium (µD). In this case the TPE correction amounts to around 8.4 × 10 −3 of the total 2P − 2S Lamb shift [37, 38] . In the nuclear case the experimental uncertainty δ∆E exp LS (µD) = 3.4 µeV [37] is dwarfed by the present theoretical uncertainty of the TPE correction δ∆E TPE (µD) = 20.0 µeV [38] . As the TPE corrections are at present the main uncertainty in the extraction of the charge radii of the proton and light nuclei from LS measurements, this calls for new efforts at model-independent approaches in calculating TPE corrections. Such efforts are underway by evaluating them within chiral effective field theory see Refs. [39, 40] for the first computation with chiral effective theories for the Lamb shift and Ref. [41] for a review of the ongoing activity in this field; within non-relativistic QED [42] [43] [44] ; or by connecting them model-independently to other data through dispersive frameworks.
The muonic atom spectroscopy has made it very apparent that there is an urgent need for a reevaluation of TPE corrections, going beyond model-dependent assumptions made in earlier works. But even within the accuracy of the present calculations, these measurements have also revealed for the LS splittings in the µH and µD cases that the extracted values for the proton and deuteron charge radii are at variance with the values extracted from electron scattering or electronic hydrogen spectroscopy [45] [46] [47] . Proton charge radius extractions, differing by as much as 7σ, have led to the proton radius puzzle [48] , which has resulted lately in a lot of activity to understand its origin; see Ref. [49] for a recent review. One of the avenues of new work is to extend the electron scattering experiments to lower values of Q 2 , in order to reduce uncertainties in the radius extraction resulting from an extrapolation in Q 2 to the region below the lowest values which were accessed in Refs. [45, 46] . Such new experiments are currently being performed at MAMI (ISR experiment [50] ) as well as at JLab (PRad experiment [51] ), which both aim at reaching Q 2 values down to 10 −4 GeV 2 .
Furthermore, elastic scattering experiments using not only electron beams, but also muon beams are planned at PSI (MUSE experiment [52] ) to cross-check the lepton universality in the extracted proton form factors, and to test the size of the TPE effects by comparing e + /e − and µ + /µ − results. All these new experimental programs aim at subpercent-level precision on the elastic cross sections, necessitating a corresponding improved quantitative understanding of the hadronic corrections, in particular the radiative and TPE corrections.
Over the past decade, a large number of model estimates have been made for hard TPE contributions to elastic lepton-proton scattering, after an initial hadronic box diagram estimate with nucleon intermediate states only [9] , and a quark-based estimate in terms of integrals over generalized parton distributions [53, 54] . In the very large Q 2 region (relative to the hadronic mass scale), one may resort to perturbative techniques to estimate TPE corrections within QCD factorization frameworks [55] [56] [57] . In the very small Q 2 region, the leading TPE correction is given by the term of order Q and can be obtained as a
Coulomb limit [58] of the elastic contribution. The leading inelastic TPE results in a Q 2 ln Q 2 correction term to the cross section, which may be expressed as a weighted integral over the photoabsorption cross section on a nucleon [59, 60] . The subleading correction terms in Q 2 can be obtained through corresponding integrals over the Q 2 -dependent proton structure functions, parametrizing the forward doubly virtual Compton scattering process [61] [62] [63] .
When studying TPE corrections in the low-to-intermediate range of Q 2 (of the order of a hadronic scale around 1 GeV 2 ) however, one is in the nonperturbative regime of QCD, where the relevant degrees of freedom are hadronic. In this regime, box-diagram models with nucleons have only been extended to include contributions from inelastic intermediate states.
In particular, the inclusion of the ∆(1232) resonance, being the lowest nucleonic excitation in the electroproduction process, has been studied by several groups [64] [65] [66] [67] [68] .
Even though some of these calculations give results with a pathological behavior in the ε → 1 limit (at fixed Q 2 ), signaling a violation of unitarity, these works qualitatively point towards an increasing ∆ TPE contribution with larger Q 2 and with decreasing values of ε (at a fixed Q 2 ). Within hadronic models, higher intermediate states have also been included through box-diagram-type calculations, pointing towards a partial cancellation between the contributions from spin-1/2 and spin-3/2 resonances [69] .
Although several hadronic models may provide reliable estimates for the imaginary parts of TPE amplitudes, where only the on-shell (i.e., experimentally directly accessible) information is used, the calculation of the real parts requires off-shell information, which introduces which directly uses as input the most recent pion electroproduction amplitudes from the MAID2007 fit [76, 77] . For the imaginary parts of the TPE amplitudes, our work builds upon a previous study performed in Ref. [16] . Our work goes beyond previous dispersive estimates, as it accounts for all known intermediate states with spins 1/2, 3/2, 5/2, 7/2,...
A complete study is particularly relevant in view of cancellations between spin-1/2 and spin-3/2 states found earlier in Ref. [75] . Furthermore, a correct account of nonresonant tchannel pion and vector-meson exchange contributions in the pion electroproduction process requires us to go beyond the lowest few partial waves. In addition, we formulate the problem such that the invariant amplitudes for pion electroproduction can be directly used as input, without having to approximate the analytic structure of the γ * N → R vertices by sums of monopoles. In particular, for the γ * N → ∆ vertex, chiral EFT calculations [78] [79] [80] have indicated that the corresponding form factors display important branch-cut contributions due to pion loops, providing Q 2 dependencies beyond a simple monopole behavior. In the present work, we provide the dispersive evaluation of the cross-section correction at low momentum transfer Q 2 < 0.064 GeV 2 , which corresponds with the value below for which no analytical continuation of imaginary parts into the unphysical region for the TPE amplitudes is required. We also provide a detailed comparison of all partial wave contributions in MAID with the near-forward approximation of Ref. [62] . At low momentum transfer, such a comparison quantifies the contributions beyond the leading inelastic πN channel. Using both unsubtracted and subtracted DR formalisms and accounting for the πN intermediate states, we provide first quantitative estimates of the full contribution of the πN channel to the inelastic TPE correction, and compare this with empirical TPE fits at low Q 2 values.
In a subsequent paper, we plan to present the extension of our work to larger values of Q 2 .
For Q 2 > 0.064 GeV 2 , we will outline a procedure how to analytically continue the TPE amplitudes based on phenomenological πN input. The plan of the present paper is as follows: We describe the general formalism of the TPE corrections in the elastic electron-proton scattering in Sec. II. The πN contribution to the imaginary parts of TPE amplitudes and to the target normal single spin asymmetry are evaluated from unitarity relations in Sec. III. The πN contribution to the real parts of TPE amplitudes are evaluated using dispersive integrals in Sec. IV. We present the cross-section correction, compare the unsubtracted DR evaluation with the near-forward approximation, and discuss the subtracted DR formalism in Sec. V. Our conclusions and outlook are given in Sec. VI. The pion electroproduction process is described in two appendixes.
II. TPE CORRECTION IN ELASTIC ep SCATTERING
We consider in this work the elastic electron-proton scattering process:
, where the variables in brackets denote the four-momenta and helicities, rerspectively, of the participating particles; see Fig. 2 . This process is completely described by two Mandelstam variables, e.g., Q 2 = −(k − k ) 2 the squared momentum transfer, and s = (p + k) 2 the squared total energy in the electron-proton center-of-mass (c.m.) reference frame.
FIG. 2: Elastic electron-proton scattering.
In terms of the laboratory-frame four-momenta
, the invariant variables are expressed as
with the proton mass M . To exploit the symmetry with respect to s ↔ u crossing, where
it is convenient to introduce a crossing-symmetric kinematical variable as
The virtual photon polarization parameter ε, which is often used in analyzing e − p scattering data, can be expressed in terms of Q 2 and ν as
where
. It varies between 0 and 1, indicating the degree of longitudinal polarization of the virtual photon in the case of one-photon exchange.
The momentum transfers explored so far in elastic e − p scattering experiments, Q 2 10 −4 GeV 2 , are much larger than the squared electron mass. Consequently, electrons can be treated as massless particles. Assuming the conservation of parity and time-reversal invariance, the helicity amplitudes for the elastic e − p scattering (for massless electrons)
can be parametrized in terms of three independent Lorentz-invariant amplitudes that are complex functions of two independent kinematical variables [8] :
where the averaged momentum variables are P = (p + p )/2, K = (k + k )/2; u (ū) is the initial (final) electron spinor; N (N ) is the initial (final) proton spinor; and γ.a ≡ γ µ a µ . In the approximation of one exchanged photon, F 1γ 3 = 0, and the remaining two independent amplitudes are equivalent to the magnetic
2 is the Pauli form factor. Only three helicity amplitudes are independent, e.g.
and
in the c.m. reference frame. Following the Jacob-Wick [81] phase convention, the invariant amplitudes can be expressed through the helicity amplitudes as [16] 
In the following, we will alternatively work also with the amplitudes G 1 , G 2 , defined as
The TPE correction δ 2γ , at leading order in α ≡ e 2 /4π 1/137, is defined through the difference between the cross section accounting for the exchange of two photons (σ) and the cross section in the 1γ-exchange approximation (σ 1γ ) as
In terms of the invariant amplitudes, the TPE correction to the unpolarized e − p cross section at the leading α order is given by
In the following, we will also discuss the target normal spin asymmetry which vanishes in the one-photon-exchange approximation and therefore allows us to cross-check the theoretical TPE calculations. The target normal spin asymmetry (A n ) resulting from the scattering of unpolarized electrons on protons polarized normal to the scattering plane (with the proton spin S = ±S n ) is defined as [12, 16] 
The asymmetry in Eq. (11) is expressed through the imaginary parts of the TPE amplitudes at the leading α order as
. (12) In Eqs. (10, 12) , the index 2γ indicates the TPE contribution to the invariant amplitudes.
III. UNITARITY RELATIONS
In this work, we evaluate the TPE contribution to the elastic electron-proton scattering arising from the inelastic πN channel (see Fig. 1 ) using a dispersive formalism. The first step in this formalism is the calculation of the imaginary parts of the invariant amplitudes.
They can be obtained with the help of the unitarity equation for the S-matrix:
where the T -matrix is defined as S = 1 + i T . In the case of the πN intermediate state with the pion (p π ), proton (p 1 ), and electron (k 1 ) intermediate momenta,
the unitarity relation gives for the imaginary part of the TPE helicity amplitudes [16] 
2 are the virtualities of the two spacelike photons, as indicated in Fig. 3 . Furthermore, the hadronic tensor W µν is defined as electron. In the e − p c.m. system, the momentum of the intermediate electron reads
where W 2 = (p 1 + p π ) 2 is the squared invariant mass of the intermediate pion-nucleon system. Using W 2 as the variable of integration, the integral (15) can be rewritten as
In Eq. (18), we define the polar c.m. angle θ 1 of the intermediate electron with respect to the direction of the initial electron, and the azimuthal angle φ 1 is chosen in such a way that 1 Note that the elastic contribution is obtained by replacing the pion production current in the hadronic tensor of Eq. (16) with the proton current and changing the phase space integration as follows:
φ 1 = 0 corresponds with the scattering plane of the ep → ep process. The virtualities of the exchanged photons can be expressed as 
Therefore, the two-dimensional integral over the solid angle Ω 1 is equivalent to an integral over the ellipse in the Q The hadronic tensor in Eq. (18) is given by
We note that in the kinematical region defined by
with the pion mass m π , we have to sum over the two possible solutions for | p π |. See Appendix A for details of the pion electroproduction kinematics.
After performing the numerical integration for the helicity amplitudes in Eq. (18), the imaginary parts of the TPE invariant amplitudes at leading order in α are then obtained by using Eq. (6).
The pion electroproduction amplitudes from MAID [76, 77] , which we use to evaluate Eq. (18) , are available in the restricted kinematical region W < W MAID = 2.5 GeV. The near-forward approximation of Ref. [62] is based on the unpolarized structure functions, which are available in MAID in the region W < W MAID = 2 GeV. When performing the dispersion integrals in Sec. IV, we will integrate over the whole phase space in the unitarity relation of Eq. (18), when the crossing symmetric variable satisfies: Note that ν MAID ≈ 2.67 GeV 2 (ν MAID ≈ 1. 55 GeV 2 ) at Q 2 = 0.05 GeV 2 and ν MAID ≈ 2.68 GeV 2 (ν MAID ≈ 1.56 GeV 2 ) at Q 2 = 0.005 GeV 2 , for W MAID = 2.5 GeV and W MAID = 2 GeV, respectively. For larger ν > ν MAID , we will truncate the W integration in Eq. (18) at W = W MAID (instead of W = √ s), accounting only for the available kinematical region in MAID. Consequently, the imaginary parts of the invariant amplitudes will show a kink at the point ν = ν MAID . In Sec. V, we will estimate the residual contribution from the region
As the ∆(1232) resonance is the most prominent πN resonance, corresponding to the P 33 πN partial wave, 2 we will also separately evaluate the contribution from the ∆ resonance, restricting ourselves to the dominant magnetic dipole M (3/2) 1+
with the isospin I = 3/2 in the following. 3 In Fig. 5 multipole, and from all πN partial waves in the π 0 p and π + n channels separately, as well as that from the sum of the π 0 p and π + n channels.
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Exploiting Eq. (12), we check that the numerical calculations of the imaginary parts of the invariant amplitudes are in agreement with the analogous evaluation of the πN -channel contribution to the target normal single spin asymmetry A n of Ref. [16] . Our results are shown in Fig. 6 .
We also check numerically that the imaginary parts of the amplitudes G 1 , G 2 vanish in the limit Q 2 → 0 at a fixed value of ν, whereas the imaginary part of the amplitude F 3 behaves like a ln Q 2 + b, where a and b are constants, in agreement with the low-Q 2 limit of Ref. [85] .
2 L 2I2J is the partial wave with the pion angular momentum L, isospin I, and total angular momentum J. multipole into the π 0 p and π + n channels is equal to 2/3 and 1/3 of the total result, respectively, as dictated by isospin symmetry. multipole, and from all the partial waves in the π 0 p and π + n channels separately, and that from the sum of the π 0 p and π + n channels (see the legend for the notations). multipole, and from all the partial waves in the π 0 p and π + n channels separately, and that from the sum of the π 0 p and π + n channels (see the legend for the notations).
IV. DISPERSION RELATIONS
Having specified the imaginary parts, we next evaluate the real parts of the TPE amplitudes. As the amplitudes G 2γ 1,2 are odd functions in ν, and the amplitude F 2γ 3 is an even function in ν, they satisfy the following DRs at a fixed value of the momentum transfer Q 2 [72, 73] :
The elastic contribution, corresponding with a nucleon intermediate state, has been evaluated in a previous work [73] . In this work, we evaluate the dispersive integral for the πN inelastic contribution, which starts from the pion production threshold
To evaluate the dispersive integrals in Eq. (24) and the region where an analytical continuation of TPE amplitudes into the unphysical region is required. In this work, we evaluate the πN contribution in the region where only the input from the physical region is required, i.e., for Q 2 < 0.064 GeV 2 . We plan to cover the region Q 2 > 0.064 GeV 2 , where a procedure for an analytical continuation of the inelastic πN TPE contribution is required, in a subsequent work.
We present the real parts of the TPE amplitudes G Similarly to the behavior of the imaginary parts, the real parts of the amplitudes G 1 , G 2 vanish in the limit Q 2 → 0 at a fixed value of ν, and the real part of the amplitude F 3 behaves like a ln Q 2 + b, where a and b are constants, in agreement with the low-Q 2 limit of Ref. [85] . multipole, those obtained with all πN partial waves in the π + n, and π 0 p channels separately, and those found from the sum of the π 0 p and π + n channels (see the legend for the notations). The upper integration limit in the DR was chosen as ν max = 12 GeV 2 .
V. RESULTS AND DISCUSSION
Substituting the real parts of the TPE amplitudes into Eq. (10), we obtain the unsubtracted DR result for the inelastic TPE correction to the electron-proton scattering cross section. In Fig. 9 , we compare the result for the TPE correction from all πN partial waves in MAID with the TPE correction due to the G 2γ 2 amplitude only, which is the leading term in Eq. (10) for the scattering at small momentum transfer. As an independent check, we also show the evaluation of the TPE corrections in the near-forward approximation of Ref.
[62] obtained with the same experimental input from MAID. We restrict the upper limit of 2 , % integration to W MAID = 2 GeV. We first notice a good agreement over the whole ε range between the near-forward calculation and the DR evaluation using the contribution only from the amplitude G 2γ 2 . As a matter of fact, the near-forward calculation, corresponding to ε → 1 in Eq. (10), is dominated by the G 2γ 2 term at small momentum transfer. In the large-ε range, these estimates are also in good agreement with the full DR calculation, which includes the contributions from all the electron-proton scattering amplitudes G 1 , G 2 and F 3 . We estimate the region of applicability of the near-forward approximation by a simple criterion that the DR result δ As the πN intermediate-state contribution is expected to dominate the inelastic TPE correction at low momentum transfer, we can quantify the contributions beyond πN by performing different evaluations in the near-forward approximation of Ref. [62] . As the latter estimate is based on the input of the full proton structure functions, a comparison within the same near-forward evaluation but based on the structure functions calculated from the single πN channel in MAID allows one to get an estimate of contributions beyond the πN channel (e.g. ππN, ...). In Fig. 10 , we show the resulting inelastic TPE correction evaluated in the near-forward approximation based on the structure function input from the fit performed by Christy and Bosted (BC) [87] (valid for W < 3.1 GeV) supplemented with the Donnachie-Landshoff (DL) fit [88] (for W > 3.1 GeV). We compare this result with the inelastic TPE in the near-forward approximation using the πN contribution from MAID (valid for W < 2 GeV). For Q 2 = 0.005 GeV 2 , one notices that the πN channel completely dominates the inelastic TPE correction. Already at the momentum transfer Q 2 = 0.05 GeV 2 , the contributions of higher channels (ππN, ...) become relevant.
In Fig. 11 , we compare the sum of the elastic and πN contributions (with the upper limit of integration ν max = 12 GeV 2 ) using the unsubtracted DR framework with the total TPE of Ref. [62] in the near-forward approximation. We also show the elastic TPE and the empirical TPE fit of Ref. [46] . For the very small Q 2 = 0.005 GeV 2 value, the inelastic TPE correction is much smaller than the elastic TPE. At TPE, elastic + πN TPE, and total inelastic TPE in the near-forward approximation from
Ref. [62] for Q 2 = 0.005 GeV 2 (upper panel) and Q 2 = 0.05 GeV 2 (lower panel). The blue bands show the empirical TPE extraction from Ref. [46] .
In order to further reduce the model uncertainty and the sensitivity to inelastic contributions at higher energies, we use the subtracted DR formalism of Ref. [73] with the subtraction in the amplitude F 
VI. CONCLUSIONS AND OUTLOOK
In this work, we have extended a previously developed dispersive framework for the TPE correction to the elastic electron-proton scattering by including the contribution of all πN intermediate states. The imaginary parts of TPE amplitudes were reconstructed by unitarity relations in terms of physical (on-shell) electroproduction amplitudes [77] . To provide the most realistic evaluation of these imaginary parts, we use the state-of-the-art MAID 2007 parametrization for the pion electroproduction amplitudes as input in our calculations.
Within unsubtracted DRs, the real parts of TPE amplitudes were reconstructed in the kinematical region Q 2 < 0.064 GeV 2 , where the analytical continuation of imaginary parts into the unphysical region of the TPE scattering amplitudes is not required. Exploiting these real parts, the TPE correction to the unpolarized cross section was evaluated, providing first quantitative estimates of the full contribution of the πN channel to the inelastic TPE correction.
At low momentum transfer and small scattering angles, the unsubtracted DR result was found to be in a good agreement with the near-forward TPE calculation of Ref. [62] based on the same experimental input. This comparison provides the region of applicability of the near-forward approximation. Our results for the kinematics of the MAMI experiments [46] show that the πN contribution has the same sign as the Feshbach correction [58] for the scattering in the forward direction and the opposite sign in the backward scattering, where we found a cancellation between the M (3/2) 1+ multipole due to the ∆(1232) resonance and contributions due to nonresonant πN production as well as higher resonance states. We also applied the subtracted DR formalism extending a previous work [73] with the inclusion of the πN inelastic contribution. In this way, the uncertainties due to neglecting higher intermediate states, such as ππN , are reduced.While our unsubtracted DR calculations of the πN contribution improve the agreement with the empirical TPE extractions at low Q 2 and forward angles, they are much smaller than the leading elastic contribution at backward angles. The latter indicates a significant departure at backward angles from the simplified (linear) ε parametrization used in the current phenomenological fits. This calls for a reanalysis of backward angle data at low Q 2 , which is of relevance in a precise extraction of the proton magnetic radius and the proton magnetic form factor at low Q 2 values. Such application and reanalysis is planned in a future work.
In a subsequent paper, we also plan to present the extension of our work to larger values of Q 2 . For Q 2 > 0.064 GeV 2 , we will outline a procedure how to analytically continue the TPE amplitudes outside the physical region based on phenomenological πN input.
for the case of the same pion and nucleon momenta directions, which are opposite to the electron momentum direction, i.e., cos Θ π = −1. The corresponding particle momenta are given by 
Accounting for the energy conservation, we obtain the following expression for the pion momentum:
In the kinematical region Σ(W 2 , M 2 , m 
and W 0 corresponding to sin 2 Θ 0 π = 1, i.e.
where the minimum value of W 0 is at the pion production threshold for s = (M + m π ) 2 .
We show the dependence of | p π | on the invariant mass W of the pion-nucleon state The dispersive evaluation of the πN -channel TPE contribution to the real parts of the electron-proton invariant amplitudes (see Fig. 1 ) requires the pion production amplitudes in the one-photon exchange approximation as input (see Fig. 3 ). Moreover, the experimental extraction of the pion electroproduction amplitudes is performed in the approximation of one-photon exchange. The conventional Lorentz-invariant expression for the pion electroproduction amplitude T 
with the kinematics of the process described in Appendix A. Accounting for gauge invariance as well as parity conservation, the pion electroproduction current can be parametrized in terms of six invariant amplitudes A i [82] [83] [84] :
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